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Abstract 
Using the generalized potential which includes work done due of enforced displacement on the 
displacement boundary, a new variational formulation is attempted in this paper to unify the minimum 
principles of potential energy and complementary energy without introduction of Lagrange multiplier 
so that the minimal condition of the total energy can be asserted in true deformation of elastic bodies. 
It is demonstrated solving a number of the plane stress and plate bending problems that 

In any linear elasticity problem the lower bound solution can be always obtained  
by the method proposed in this paper with increase of NDOF of the test functions used. 

To be paralleled with this research, a nodeless method is proposed in order to make the finite element 
calculation (especially force method) locking free and to reduce burden of the mesh generation 
problem in practice. 
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1 Introduction 

Today, Force Method is almost declined in the FEM community.  From the structural design point of 
view, however, the stiffness evaluation of structures based on the Displacement Method is not 
generally conservative and accuracy of the calculated stresses is inferior to that of the calculated 
displacements due to necessary differentiation of the latter. And therefore it is a long dream of 
structural engineers to establish a new method by which the lower bound solution can be obtained 
without fail in any elasticity problem. Toward such mission impossible, challenge has been made 
for the last 10 years conducting researches along the following two lines: 
 
(i) development of a new variational formulation which unifies the minimum principles of potential 

and complementary energy so that the lower bound solution can be obtained at least in any linear 
elasticity problem. 

(ii) development of a new nodeless method which makes the finite element analysis easier and more 
effective. 

 
A few numerical examples on the plane stress and plate bending problems are introduced for 
verification of the proposed method in this paper. 

2 Development of the unified energy method in elasticity 

2.1 Generalization of the potential energy [3] 

Consider arbitrary sets of stress components ij
!  and strain components ij

! . The stress components 

ij
!  are assumed to satisfy the following equation of equilibrium Eq.(1) and the mechanical boundary 

condition on the stress boundary Eq.(2), while the strain ij
!  is assumed to be derived from the 

displacements using Eq.(3).  The displacements 
i
u  is also assumed to satisfy the displacement 

boundary conditions (4). 
0

i
=+

ij,j
p!        in  V                                               (1) 

       where  
i
p  is the body force vector, V  is the volume of a given body. 

                ijiji
tnt ==!        in  

!
S                                               (2) 

       where  
i
n  is the unit normal drawn outward on the stress boundary 

!
S . 

                           ( )
ij,ji,ij uu

2

1
å +=    in  V                                                                  (3) 

                
ii
uu =                    on  

u
S                                                           (4) 

       where  
uó
SSS += ;  

u
S  is the displacement boundary. 

Then it is not too difficult to derive the following equation using the divergence theorem: 
        ! ! !! ++=

V S S
iiii

V
iiijij

ó u

dStudSutdVupdVåó                                                                   (5) 

It should be mentioned here that this equation is true irrespective of the stress-strain relation and size 
of 

i
u .   If ij

!  and ij
!  are related by the following linear relation: 
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                     where ijkla  and ijklb  are symmetric matrices. 
Eq.(5) expresses the law of energy conservation.  In this equation, the right hand side implies work 
done due to given body force, surface traction and enforced displacement on the displacement 
boundary. Therefore the concept of potential energy W  can be generalized as follows: 

    ! !! ++=
"S S

iiii
V

ii
u

dStudSutdVupW                                                                    (7) 

 

2.2 Proposal of a new unified minimum principle of total energy in elasticity 

Consider the following total energy of an elastic system as defined by: 
( ) WUuD
it

!=                                                                                                                       (8) 

             where    c
V

ijij VVdVU +== ! "#                                                                                       (9-a) 
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                                                            (9-b) 

Now, Eq.(8) can be written as follows: 
( ) ( ) ( )ijcipit óDuDuD +=                                                                                               (10-a)  

               where   ( ) !!! ""=
#

$#
S

ii
V

ii
V

ijijip dSutdVupdVuD
2

1
                                             (10-b) 

( ) !! "=
#

#$#
S

ii
V

ijijijc dStudVD
2

1
                                                                  (10-c) 

It should be mentioned here that ( )
ijcD !  is a function of 

i
u  because ij

!  is a linear function of 
i
u  via 

Eqs.(3) and (6).     Therefore if 
i
u  is the true solution, by the minimum principles of potential and 

complementary energy, the following conclusion can be drawn: 
( ) minuD
it
!    w.r.t. 

i
u                                                                                                       (11) 

Conversely consider the case  when  ( )
it
uD  becomes minimum with respect to 

i
u .   Since ( )

it
uD  is 

a sum of two positive functions of  
i
u , therefore, if at least any one of them does not become 

minimum, then ( )
it
uD  can not be minimum. Thus it can be concluded that a new principle 

proposed in this section unifies the minimum principles of potential and complementary energy. 
Next, let’s consider the strong form of ( ) 0=

it
uD! . Now ( )

it
uD  is given as follows: 

( ) ! ! !! """=
V S S

iiii
V

iiijijit
ó u

dStudSutdVupdVåóuD                                                  (12) 

The first variation of Eq.(12) with respect to 
i
u  is given by 

( ) 0=!!!+" " ""V S S
iiii

V
iiijijijij

ó u

dStudSutdVupdV ###$#%#$%   

This equation is transformed using divergence theorem as follows: 
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 ( ) ( ) ( ) 0
,,

=!+!!+! """ " V
ijij

V
iijij

S S
iiiiii dVudVupdStuudSutt

u

#$#$##
$

          (13) 

The last volume integral is unnecessary term which annihilates the variational calculation and 
therefore it must be deleted. 
               ( ) ( ) ( ) 0

,
=+!!+!" ## # dVupdStuudSutt

V
iijij

S S
iiiiii

u

$%$$
%

                             (14) 

This conclusion was verified by a few numerical experiments made recently and it will be discussed in 
the later section again. 

3 Correlation study of a new variational equation derived and other 
existing principles [3,4] 

It should be noted here that the author derived previously the following variational equation 
generalizing the principle of virtual work with the use of of Lagrange multiplier: 

( ) ( ) ( ) 0
,

=+!!!! "" " dVupdStuudSutt
V

iijij
S S

iiiiii
u

#$##
$

                                (15) 

Eq.(15) is the strong form of the modified Hellinger-Reissner’s variational eqation: 
              ( ) 0, =iiijR u,D !"#     w.r.t. ij

! ,
i
u  and  Lagrange multiplier 

i
!  

         where  

( ) ( )! ! ! """#
$
%

&
'
( ""=

V S S
iiiiiiiklijijklijijiiijR

u

dSuudSutdVupbu,D
)

*))+)*)
2

1
,     (16) 

That is, Eq.(15) is equivalent to ( )
iR
uD  when ij

!  and 
ii
t=!  are related to 

i
u  by Eqs.(2) and (3). 

It is interesting to note that difference of Eqs.(14) and (15) is only plus or minus sign of the second 
term of both equations. 
It may be concluded that Eq.(14) can give always the lower bound, while Eq.(15) can give only 
stationary solutions although results of numerical experiment made so far are limited. 
It should be also emphasized here that Eq.(11) is derived without introducing Lagrange multiplier, and 
therefore it can assert the minimum property of  ( )

it
uD  while ( )

iijR u,D !  is only the stationary 
principle.  

4 Eight possible methods of solution in elasticity 

Using Eq.(16) it was discussed in the recent author’s paper [1] that  8 different methods of solutions 
can be proposed as shown in the Tab.1.   A few comments are made on the Tab.1 as follows: 
 
(i) Solutions  and  (Trefftz’s method) are unique methods where continuity of the element state 

vector is not required a priori so that they can be treated independently.                        
(ii) For the rest methods continuity of the element state vector is required a priori so that they may be 

called the generalized finite element method. In the next section general approach to construct the 
nodeless method will be explained briefly. 

(iii) Solution  are so called Equilibrium Method(II) (Force Method).  Survival of EM(II)  can be 
expected using this method. 
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(iv) Solution  is not a approximate method but analytical method. Indeed it must be called 
“computer-aided analytical solution”. The present author believes future impact of this method to 
basic science and technology. 

5 Development of the nodeless finite element method 

In section 3, 6 methods of solution other than the solutions  and  require continuity of element 
state vectors (displacements and boundary tractions) a priori.  Continuity of the element state vector is 
considered as follows : 
Firstly consider identity of the following two functions defined in the region bxa !!  as shown in 
Fig.1: 
           ( ) ( )xgxf =      )( bxa !!                                                                                                     (a) 
From this figure, it can be seen:  
          ( ) ( )ii xgxf =    )4,3,2,1( =i                                                                                                    (b) 
Namely equality of two functions are true at only a number of discrete points.   If these two functions 
are expressed in Maclaurin series, (b) is replaced by: 

! !
"

=

"

=

=

0n bn

n

n

n

n
xbxa   irrespective of )( bxax !!                                                                (c) 

nn
ba =!                                                                                                                           (d) 

In practice Maclaurin series must be approximated by a polynomial of a finite order.   This idea can be 
successfully applied to formulation of the nodeless finite element method as follows: 
For simplicity, the plane stress problem is considered: (Fig.2), L.M.N are midpoints of the sides 

CABCAB ,, . Now the second order polynomials of x, y is assumed for the element displacement 
function as follows: 
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                                            (17) 

        where ( )
000

,, !vu  is the rigid body displacement vector of the coordinate origin, ( )
000

,,
xyyx

!""  
is the constant strain components of the element and NDOF of this element is 12. 

Using Eq.(17), the following set of equations can be derived. 
 
(a) strain components ( )

xyyx
!"" ,,  

( ) ( )
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++++=
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xyxy
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22

2,2

&&

''''

                                            (18) 

(b) stress components ( )
xyyx

!"" ,,  
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 (c) boundary traction components ( )
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 where ( )ml,n  is an unit normal drawn outward on the boundaries of a given triangular  
element as shown in Fig.2. 

Denoting the midpoint of AB by ( )LL yxL , , an arbitrary point ( )yxP ,  is taken on AB as shown in 
Fig.2. 

Putting the distance sPL = , the following equation can be easily obtained: 

!
"
#

+=

$=

lsyy

msxx

L

L           (21) 

Eq.(21) is the equation for coordinate transformation of ( )yx, into s  on the side AB . Applying 

Eq.(21) to Eqs.(17) and (20), the state vector on the side AB are given by: 
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These constants 
nnnn
DCBA ,,,  can be expressed by the following set of equations: 
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     similarly 

( )
!
"

!
#

$

+%=

+%+%+%=

+++++=

6

2

54

2

2

554321

2

65

2

43210

22

bllmbbmB

blymylxbbmxlbmbB

ybyxbxbybxbbB

LLLL

LLLLLL

      (25) 

( )
( ) ( )

( )
( )

( )
( )

( )

( )
( )

( )
( ) !

!
!
!

"

!
!
!
!

#

$

"
#
$

%
&
'

+
(

++
(

=

"
#
$

%
&
'

+
(

++
(

(
=

"
#
$

%
&
' (

++
(

=

+(=++=

56652

45542

0002

10

2
2

1
2

1

2
2

1
2

2

1

1

2

1

1

ba
m

lba
E

R

ba
m

lba
lE

Q

m
l

E
Pwhere

RlmQCRyQxPC

xyyx

LL

)
)

)

)
)

)
)

*
)

)++
)

                     (26) 

      
( )

( ) ( )

( )
( )

( ) ( )

( )
( )

( ) ( ) !
!
!
!

"

!
!
!
!

#

$

"
#
$

%
&
'

+++
(

(
=

"
#
$

%
&
'

+++
(

(
=

"
#
$

%
&
'

++
(

(
=

+(=++=

mbaba
lE

U

mbaba
lE

T

m
lE

Swhere

UlmTDUySxSD

yxxy

LL

65562

54452

0002

10

22
2

1

1

22
2

1

1

2

1

1

,

)
)

)

)
)

)

*)*+
)

)
                 (27) 

Since NDOF of this triangular element is 12 and only 4 components can be distributed to each side. 
Therefore the following three cases may be feasible for this triangular element. 
 
(i) Displacement Model (I) ( DM I)          ( ) ( ) sBBsvsAAsu

1010
, +=+=  

(ii) Mixed Model (I) ( MM I)                           ( ) ( ) ( ) ( )
0000

,,, DstCstBsvAsu yx ====  

(iii) Equilibrium Model (I) ( EM I)              ( ) ( ) sDDstsCCst yx 1010
, +=+=  

where (I) implies the model which does not satisfy the equation of equilibrium, while models 
composed basing on the stress functions 

i
!  are referred to (II). 

 
Now in case of DM , Eqs.(24) and (25) can be set up for each side of the element ABC! . Therefore 
12 element parameters ( )

321321000000
,,,,,,,,;,, bbbaaavu xyyx !""#  can be transformed into 3 sets 

of ),,,( 1010 BBAA  by a transformation matrix ( )1212!A  . And therefore if the element stiffness 

matrix K  is obtained with respect to the local coordinate, the stiffness matrix K with respect to new 
element parameters ( )3,2,1),,,(

)(

1

)(

0

)(

1

)(

0 =kBBAA
kkkk  can be automatically obtained by the 

following familiar formula:  
   AKAK

T
=                                                                                    (28) 

 where the superscript 3,2,1=k  implies sides of ABC! . BCAB,  and CA  respectively. 
Similarly the element flexibility matrix can be obtained. 
Generally speaking models belong to category (MM I) may give results of the better convergency and 
accuracy. 
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Practical development of nodeless finite elements for 2D as well as 3D analyses will be systematically 
made. For example, consider the plate bending problem.   The state vector consists of 4 components. 

   !
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w
w ,,  

In conventional finite element method the compatible model can hardly give accurate results.   In case 
of the present method, however, no reason can be seen which may produce inferior results to compare 
with the existing finite element method.    In case of the plate bending problem continuity conditions 
of the state vectors consists of four equations.  The brief  introduction of the plate bending analysis 
will be given as follows : 
 
(1) The equilibrium equation and boundary conditions (see Fig.3) 

Equilibrium equation: ( ) ( )yxqyxwD ,, =!!  
Associated boundary conditions: 

 displacement b.c.: 
w
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 stress             b.c.:  
mnnnn
ConVVMM == ,  

 where n is the  unit normal drawn outward to the boundary ( )
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(2) Minimum principle of the total energy for plate bending problems 
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This equation can be transformed into the following equation: 
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Using the divergence theorem, Eq.(29) can be transformed into the following strong form: 
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( )

( ) ( )

( ) 0

2

01

1
0

2

2

2

2

2

=!+"
#
$

%
&
'

(
(

!
(
(

!

!+"
#
$

%
&
'
(
(

!!

"
"
#

$
%
%
&

'
+

((

(
+

(

(
+

(
(

=

))

))

))

dswwVds
n

w

n

w
M

wdsVVds
n

w
MM

wdxdyq
yx

M
M

y

M

x

M
wD

ww

m

C
n

C

C
nn

C
nn

D

xy

xy

yx
t

**

**

**

+

  w. r. t. w   (32) 

The general solution of ( ) 0, =!! yxwD  can be obtained following the duality law between the 
equations of the plane stress and plate bending problems as follows: 
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!
!
!
!
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!!
!
!
!

#

$

%&=+

%%+%%&=

%%+%%&+%+&=

%%+%%&&%+&=

+%+%=''
(

)
**
+

,
-
-

&
-
-

+=

ziQQ

zzzM

zzzzM

zzzzM

zzzz
y

w
i

x

w
D

zzzyxw

yx

xy

y

x

.

/.0

/.0.0
/.0.0

./.

/.

4

Im1

Re1Re12

Re1Re12

Re,

     (33) 

Now Eq.(32) is the variational equation for the plate bending problem without any associated 
boundary condition and it is derived without using Lagrange multiplier method.     Again 8 possible 
methods of solution can be proposed and exactly the same discussions can be applied to this problem 
as made in the plane stress analysis: 

Methods of solution  and  present unique solution procedure for analysis of a discrete system 
where the element state vectors can be assumed independently. 

In the other cases continuity of element state vector four components ),,,(
nn
VM

n

w
w

!

!
 are 

partially or fully required on the element boundaries before analysis of the total systems. 
(generalized finite element method). 

In the conventional finite element method it is extremely difficult to satisfy even the displacement 

continuities of w  and 
n

w

!

!
 simultaneously on the element boundaries. It should be again emphasized 

that the characteristic element matrices (for the mixed model) of any shape and order can be 
constructed systematically in the present method. 
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Consider, for example, the consistent quadrilateral plate bending element.   At least it must satisfy 

ontinuity of w (3rd order) , 
n

w

!

!
(2nd order), 

n
M (1st order) and 

n
V (0 order)  on each side of the 

element, therefore total NDOF of the element is 40)4321(4 =+++! .   Consequently the 11th 
order polynomial of x and y must be assumed for ( )yxw , . 

6 Numerical Examples 

About 7 years ago the author has initiated a ambitious challenge to establish a new variational 
formulation by which the lower bound solution can be always obtained in any elasticity problem via 
generalization of the principle of virtual work. 
A few years later, he recognized that his new variational formulation is essentially equivalent to 
Hellinger-Reissner’s Principle ( )

iijiHR ë,ó,uD  if ij
!  and 

i
!  are eliminated using the stress-strain law 

and the associated extremum condition jijii
nt !" == , and it is only stationary principle with respect 

to  
i
u .    Basing on such consideration he concluded that in order to restore the force method further 

challenge must be continued to search a new variational principle which may unify the minimum 
principles of the potential and complementary energy without introducing Lagrange multiplier. 
In what follows brief introduction will be given to the five numerical examples of verification studies. 
 
Example (I)   Analysis of the stress concentration problem of a perforated square plate subjected 

to uniaxial tension at the ends [4] 
 
This problem is analyzed using Trefftz’s method based on the generalized principle of virtual work.  
One element solution as well as finite element solution are shown in the Fig.4.    
Distribution of 

x
!  on the CC !  cross section is shown in this figure.   Accuracy and good agreement 

of calculated results between one element and finite element solutions are observed.   It should be 
especially mentioned that free combination of mesh pattern with different size and shape can be easily 
done in the present method because it is a nodeless method based on Trefftz’s solution procedure. 

Example (II)    Torsion analysis of an elastic bar with a square cross section using the membrane 
analogy 

Torsion problem of an elastic bar with the cross section of arbitrary shape can be given by the 
following boundary value problem of Poisson equation with Derichlet boundary condition: 

  
( )

!
"
#

=

$=%

Con

SinGyx

0

2,
2

&

'&
        (34) 

where ( )yx,!  is the stress function for torsion, !  is the rate of twist, and the twisting moment 

t
M  is given by:  

!!= dxdyM t "2  

Due to the membrane analogy proposed by L.Prandtl, Eq.(34) is equivalent to the following deflection 
problem of the elastic membrane under uniform lateral load q . 



 WCCM V, July 7-12, 2002, Vienna, Austria  
 

 
 

11 

  
( )

!"

!
#

$

=

%=&

Conw

T

q
yxw

0

,
2

 

 where T is the tension in the membrane. 
Now the associated boundary condition is given by: 
  Conww =  (Derichlet condition) 
The functional ( )wD

t
 for this problem can be given by: 

 ( ) dstwdxdyqdxdy
y

w

x

w
TwD

C
n

D D
t !!! !! ""

#$

#
%
&

#'

#
(
)

**
+

,
--
.

/
0
0

+*
+
,

-
.
/
0
0

=

22

    (35) 

 where   
n

w
Tt

n

!

!
=  

The strong form of ( ) 0=wD
t

!  is given by: 

 ( ) ( ) 0
2

=+!"" ### wdxdyqwTdstww
D

n
C

$$        (36) 

It is customary to assume 0=w .  Therefore the problem is reduced to a simple exercise problem for 
Rayleigh-Ritz’s method.   Torsion of an elastic bar with a square cross section was analyzed using the 
following deflection function of the 3rd order polynomials of x and y : 
 ( ) 3

10

2

9

2

8

3

7

2

65

2

4321
, yaxyayxaxayaxyaxayaxaayxw +++++++++=   (37) 

Two results of calculation for the torsional rigidity K are shown in Fig.5.   The curve −− is the result 
of calculation using the second order polynomials of x and y, while the result obtained using the 3rd 
polynomials are shown by the curve −−. 
It is interesting to note that the former analysis gave the upper bound solution, while the latter gave the 
lower bound solution for K.   It can be seen that both calculations shew monotonous convergency to 
the exact 1406.0=K  (Timoshenko) assuming the side length 12 =a . 
 
Example (III)   Inplane bending analysis of a cantilever plate subjected to a boundary  shear 
[2,4] 
 
Timoshenko studied bending of a cantilever having narrow rectangular cross section of unit width bent 
by a force applied at the end (Fig.6).  To solve this problems the effect of a force P is approximated by 
a distributed shearing stress acting at the end as follows: 

  
( )

( ) ( )!"

!
#

$

%%=

=

22

2
,

0,

yc
I

P
yl

yl

xy

x

&

'
                    (38) 

This problem was analyzed recently using the unified energy method proposed in this paper.   Finite 
element analyses were conducted using the following nonequilibrium displacement function, NDOF of 
which is 16 as follows:  

 
( )

( ) !
!
"

!!
#

$

++++++++=

+++++++%=

2

5

2

4

2

32

2

10000

2

5

2

4

2

32

2
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2

1
,

2

1
,

xybyxbybxybxbxyxvyxv

xyayxayaxyaxayxyuyxu

xyy

xyx

&'(

&'(
  (39) 

For the equilibrium displacement functions of the same NDOF is also derived using 4th order 
polynomial of z for ( )z!  and ( )z!  of the following Goursat’s stress function.   In brief 
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 Airy’s stress function ( ) ( ) ( )[ ]zzzyxF !" += Re,  

 ( ) ( ) !!
""

==
n

n

n

n

n

n
zBzzAz #$ ,  

 where  

  

z = x + iy, An = an + ibn, Bn = cn + idn

! x + ! y = 4Re " # z( )[ ]

! y $! x + 2i% xy = 2 z " " # z( ) + " " & z( )[ ]

2G u + iv( ) =
3$'
1+ '
( 

) 
* 

+ 

, 
- # z( ) $ z " # z( ) $ " & z( )

. 

/ 

0 
0 0 

1 

0 
0 
0 

                     (40) 

A solution obtained using nonequilibrium displacement function is shown by the curve −− , while 
the other solution using the equilibrium displacement is shown by the curve −− in this figure.   Fig.6 
show the convergency of the calculated displacement 

A
v  and stress 

B
!  respectively.  It can be seen 

that the curves −− gives always the upper bound solution for both 
A
v  and 

B
! , on the other hand, the 

curve −−gives the lower bound solution clearly. 
The robustness of the present method was duly checked numerically. It should be mentioned that 
analytical 2D solution given by Timoshenko is not exact solution for the problem but elaborate 
approximate solution where the clamped edge condition is approximated by clamping the plate at the 
origin. (Indeed substantial difference of deflection 

A
v  is observed in Fig.6) 

 
Example (IV)     Bending of a square plate subjected to uniformly distributed lateral loading 

with all four edges clamped [4] 
 
This problem is historically well-known difficult problem to which many scholars have attacked in the 
past.   Among them Timoshenko work published in 1938 is the most well known.   This problem was 
analyzed using the new variational method proposed in this paper.    The 10th order polynomial of x, y 
is used for the element deflection function.   Results obtained are summarized in Fig.7. 
 
Example (V)     Bending of a square plates subjected to uniformly distributed lateral loading 

with all four edges simply supported and its 1st eigenvalue analysis of the 
bending vibration [4] 

 
Fig.8 shows size, mesh divisions and calculated deflection at the center.  Displacement functions used 
are polynomials of 5th order where two axes symmetry of the plate deflection is considered.   The 
abscissa of the convergency curves are total number of degree of freedom (NDOF of the element used 
! number of elements).  It can be clearly seen that solutions obtained are always the lower bound 
solutions in the plate bending analysis. 
The eigenvalue equation for the plate bending vibration is given by: 
  ww

4
!=""  

substituting w
4

!  for q  in ( )wD
t

 for the plate bending problem and making minimum with respect 

to unknown parameters 
n
a  of ( )yxw , , homogeneous linear equations for 

n
a  can be obtained, from 

which the characteristic equation for !  can be obtained eliminating 
n
a .   1st eigenvalues obtained 

(lower bound solutions) are shown in the table attached to Fig.9. 
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7 Conclusions 

Using divergence theorem in elasticity, a new variational principle was proposed on the minimum 
condition of the total energy of a given elastic system.   
This method may unify the minimum principles of potential and complementary energy in the 
linear elasticity so that accuracy of approximate solutions can be definitely checked bracketing 
them by the upper bound and lower bound solutions. 
It is interesting note that difference between the proposed principle and the well established Hellinger-
Reissner’s Principle is only difference of the sign of work done due to enforced displacement on the 
displacement boundaries and yet the former can assert the minimum of the total energy, while the 
latter is only a stationary principle.  However, rigorous mathematical proof is left for future study. 
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Table1: 8 Possible methods of solution derived from the present variational formulation 

SOL. 
NO. Variation equations Constraint 

Conditions remarks 

1 
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( ) 0

,

=!""

!""!+#

$
$$

#

uS
iii

S
iii

V
iijij

dStuu

dSuttdVup
 

 
Pair of modified 

Hellinger-
Reissner’s method 

2 ( ) ( ) 0
,

=!""!+# $$
#S

iii
V

iijij dSuttdVup
 

uii
Suu on0=!  

Displacement 
Method (I) 

(DM I) 

3 ( ) ( ) 0
,
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uS
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V

iijij dStuudVup
 

!
=" Stt
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on0  

Equilibrium 
Method (I) 
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4 ( ) 0
,

=!+"#V iijij dVup
 

uii
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!
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ii

on0  

Galerkin’s 
Method (I) 

5 ( ) ( ) 0=!"+!" ##
$ uS

iii
S

iii
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Vpijij in, +!  

Trefftz’s Method 

6 ( ) 0=!"#
$S

iii
dSutt

 

Vpijij in, +!  
uii
Suu on0=!  

DM(II) 

7 ( ) 0=!"#
uS

iii
dStuu

 

Vpijij in, +!  
!

=" Stt
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on0  
EM(II) 

8 

 Vpijij in, +!  
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=" Stt
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GM(II) 
analytical  
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Figure 1: Equality of two functions: ( ) ( )xgxf =  from the collocation method point of view 
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Figure 2: Development of a nodeless finite element 
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Figure 3: Coordinates and components of the traction vector for the plate bending problem 
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Figure 5: Analysis of torsional rigidity of an elastic bar with the square cross section 

(divided by square mesh) 
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Mesh 
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24! 24 0.14165 14! 14 0.14046 
26! 26 0.14149 16! 16 0.14048 
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Figure 4: Stress distribution on section C-C’ of a perforated square plate  

under uniaxial uniform loading 
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Figure 6: Inplane bending analysis of a cantilever plate subjected to a boundary shear 
of parabolic distribution (divided by square mesh) 

 
 
 
 
 
 
 

Mesh Div. 
!  NDOF 

stress 
function  

used 

displacement 
function 

used 
4 ! 2! 16 11.7195 9.4399 

8 ! 4! 16 11.4996 10.5163 

12! 6 ! 16 11.4347 10.9196 

16! 8 ! 16 11.4063 11.0912 

20! 10 ! 16 11.3909 11.1780 

Mesh Div. 
!  NDOF 

stress 
function 
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displacement  
function  

used 
4 ! 2! 16 61.4766 51.0777 
8 ! 4! 16 60.0641 56.1607 

12! 6 ! 16 60.0287 58.1254 
16! 8 ! 16 60.0138 58.8946 

20! 10 ! 16 60.0071 59.2698 

A
v : vertical displacement at the point A 
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Bx
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Figure 7: Finite element bending analysis of a square plate under uniformly distributed load using the 
newly proposed variational method. 

Nonequilibrium 10th order polynomials of (x,y) were used for analysis. 

 

 

deflection  (Mesh Div. !NDOF = 8 !8!66 ) 
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Figure 8: Bending analysis of a simply supported square plate displacement function used: 5th order 

polynomials of (x, y) (NDOF=21) 

 
 

Mesh Div. 
!NDOF 

Total 
D.O.F 

deflection 
w(0,0) 

2!2!21 84 4.5215 
3!3!21 189 4.2231 
4!4!21 336 4.1613 
5!5!21 525 4.1336 
6!6!21 756 4.1149 
7!7!21 1029 4.1037 
8!8!21 1344 4.0960 
9!9!21 1701 4.0908 

Timoshenko 4.061 

Mesh Div. 
!NDOF 

Total 
D.O.F eigenvalue !

2!2!21 84 121.73
3!3!21 189 121.94
4!4!21 336 122.09
5!5!21 525 122.17
6!6!21 756 122.21
7!7!21 1029 122.25
8!8!21 1344 122.27
9!9!21 1701 122.29

10!10!21 2100 122.30
11!11!21 2541 122.31
12!12!21 3029 122.32
13!13!21 3549 122.32

Exact 122.36
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Figure 9: 1st eigenvalue analysis of a simply supported square plate displacement function used: 5th 
order polynomials of  (x, y)  (NDOF=21) 
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